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Abstract: In this paper, we show that spin waves, the elementary excitation of the
Heisenberg magnetic system, obey a kind of intermediate statistics with a finite maxi-
mum occupation number n. We construct an operator realization for the intermediate
statistics obeyed by magnons, the quantized spin waves, and then construct a corre-
sponding intermediate-statistics realization for the angular momentum algebra in terms
of the creation and annihilation operators of the magnons. In other words, instead of
the Holstein-Primakoff representation, a bosonic representation subject to a constraint on
the occupation number, we present an intermediate-statistics representation with no con-
straints. In this realization, the maximum occupation number is naturally embodied in the
commutation relation of creation and annihilation operators, while the Holstein-Primakoff
representation is a bosonic operator relation with an additional putting-in-by-hand re-
striction on the occupation number. We deduce the intermediate-statistics distribution
function for magnons from the intermediate-statistics commutation relation of the creation
and annihilation operators directly, which is a modified Bose-Einstein distribution. Based
on these results, we calculate the dispersion relations for ferromagnetic and antiferromag-
netic spin waves. The relations between the intermediate statistics that magnons obey
and the other two important kinds of intermediate statistics, Haldane-Wu statistics and
the fractional statistics of anyons, are discussed. We also compare the spectrum of the
intermediate-statistics spin wave with the exact solution of the one-dimensional s = 1/2
Heisenberg model, which is obtained by the Bethe ansatz method. For ferromagnets,
we take the contributions from the interaction between magnons (the quartic contribu-
tion), the next-to-nearest-neighbor interaction, and the dipolar interaction into account
for comparison with the experiment.
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1 Introduction
At low temperatures, the elementary excitations of a magnetic system, a periodic system
of localized spins coupled by exchange interaction, are magnons, the quantized spin waves.
In this paper, we show that magnons obey a kind of intermediate statistics in which the
2
maximum number of particles in any quantum state is neither 1 nor∞, but equals a finite
number n. That is to say, magnons are intermediate-statistics type quasiparticles.
Let us first recall the common treatment of a magnetic system. Take the ferromagnet
as an example. The Hamiltonian of the Heisenberg model of a ferromagnetic system
describing the exchange interaction between neighboring spins reads
H =
∑
mn
JmnSm · Sn, (1)
where Jmn is the exchange coefficient and Sm and Sn are the spins at m-th and n-th sites.
For such a spin system, introducing the spin deviation operator at site ℓ,
Nℓ = S − Szℓ , (2)
where Szℓ is the z-component of the spin operator Sℓ and S
2
ℓ = S (S + 1), we have
S+ℓ |Nℓ〉 =
√
2S − (Nℓ − 1)
√
Nℓ |Nℓ − 1〉 ,
S−ℓ |Nℓ〉 =
√
Nℓ + 1
√
2S −Nℓ |Nℓ + 1〉 ,
Szℓ |Nℓ〉 = S −Nℓ, (3)
where |Nℓ〉 is the eigenstate of the spin deviation operator, i.e., Nℓ |Nℓ〉 = Nℓ |Nℓ〉,[
S+ℓ , S
−
ℓ′
]
= 2Szℓ δℓℓ′ , and
[
Szℓ , S
±
ℓ′
]
= ±S±ℓ δℓℓ′ [1]. A natural restriction is
0 ≤ Nℓ ≤ 2S, (4)
since Szℓ must be less than the magnitude of Sℓ. The relation (3) leads to an operator
realization for the angular momentum:
S+ℓ =
√
2S −NℓaBoseℓ ,
S−ℓ = a
Bose†
ℓ
√
2S −Nℓ,
Szℓ = S −Nℓ, (5)
where aBoseℓ , a
Bose†
ℓ , and N
Bose
ℓ satisfy the bosonic commutation relation:[
aBoseℓ , a
Bose†
ℓ′
]
= δℓℓ′ ,[
Nℓ, a
Bose†
ℓ′
]
= aBose†ℓ δℓℓ′ and
[
Nℓ, a
Bose
ℓ′
]
= −aBoseℓ δℓℓ′ . (6)
From equation (6), we can see that aBose†ℓ creates and a
Bose
ℓ annihilates a localized spin
deviation at a single site. This is the Holstein-Primakoff representation of angular mo-
mentum algebra [2].
It is known that the Holstein-Primakoff representation is not a genuine bosonic re-
alization of angular momentum algebra, since though the operators satisfy the bosonic
commutation relation (6), there still exists an additional restriction on the value of the
spin deviation Nℓ, equation (4). When Nℓ > 2S, the representation is not faithful, while
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in the Bose-Einstein case, Nℓ can take on any value. That is to say, the Holstein-Primakoff
representation corresponds essentially to a kind of intermediate statistics with a maximum
occupation number 2S. In the Holstein-Primakoff representation, though there exists a
maximum occupation number n = 2S, the maximum occupation number is not embodied
in the operator relation (6); in fact, the Holstein-Primakoff representation is a bosonic
realization with a putting-in-by-hand restriction on the occupation number. As a result,
however, when using the Holstein-Primakoff representation to solve the spectrum, only
the operator relation is used, so the influence of the restriction on the occupation number
is ignored.
The above analysis shows that the spin deviation does not obey Bose-Einstein statistics,
but obeys a kind of intermediate statistics with a finite maximum occupation number. In
fact, as discussed in [3, 4], if one wants to construct an operator realization for the angular
momentum algebra by a single set of creation and annihilation operators, he needs a kind
of intermediate statistics rather than the Bose-Einstein or Fermi-Dirac case. Nevertheless,
in the common treatment of spin waves, the spin deviations are regarded as bosons: the
commutation relation of creation and annihilation operators is taken as equation (6) and
the statistical distribution is taken as the Bose-Einstein distribution.
In this paper, we will construct an intermediate-statistics operator realization for the
angular momentum algebra, in which the maximum occupation number is naturally em-
bodied in the commutation relation of creation and annihilation operators. Therefore, all
results based on this intermediate-statistics realization can naturally take the influence
of the restriction of occupation number into account. As a comparison, the Holstein-
Primakoff representation is a constrained bosonic representation, i.e., a bosonic realiza-
tion subject to a constraint on the occupation number, so the influence of the maximum
occupation number cannot be taken into account directly.
From the intermediate-statistics realization for the angular momentum algebra, we
calculate the corresponding intermediate-statistics distribution function. We show that
the statistical distribution that magnons obey is a modified Bose-Einstein distribution.
Based on the intermediate-statistics realization for the angular momentum algebra and
the intermediate-statistics distribution function, we calculate the dispersion relations of
spin waves for ferromagnet and antiferromagnet.
The magnons, as shown in the present paper, obey a kind of intermediate statis-
tics. As comparisons, we will discuss the relations between the intermediate statistics
that magnons obey and the two important kinds of intermediate statistics: Haldane-Wu
fractional statistics [5] and the fractional statistics of anyons [6]. Haldane-Wu fractional
statistics is constructed based on the generalization of the Pauli exclusion principle. The
concept of anyons is introduced by analyzing the symmetry properties of the wavefunc-
tion of identical particles: the change of the phase factor of the wavefunction when two
identical particles exchange, instead of +1 or −1, is generalized to an arbitrary phase
factor eiθ. Each of these two kinds of intermediate statistics has an intermediate-statistics
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parameter: g (Haldane-Wu) and α = θ/π (anyon). The roles of g and α in Haldane-Wu
statistics and in the fractional statistics of anyons are just as the role of the parameter
n in the intermediate statistics obeyed by magnons. In this paper, we will discuss the
relations of g and n and α and n, respectively.
A special case of the Heisenberg model, the one-dimensional s = 1/2 Heisenberg spin
chain, can be solved exactly by the Bethe ansatz [7, 8, 9]. By this exact solution, we can
check the validity of our result directly. Concretely, we will compare the exact spectrum
obtained by the Bethe ansatz method with the spectrum obtained by the intermediate-
statistics method and the spectrum obtained by the Holstein-Primakoff method.
Moreover, we also compare our result with the experimental data of EuO given in [10].
The result shows that at low temperatures and low frequencies, the intermediate-statistics
spin wave model is more accurate than the bosonic spin wave model.
The present paper discusses the intermediate statistics and the intermediate-statistics
realization of angular momentum algebra and their applications to magnetic systems. On
the one hand, the realization of angular momentum algebra has been of interest for a long
time. Besides the well-known Schwinger representation [11] and the Holstein-Primakoff
representation [2], there are many other schemes, including the realization of su (2) alge-
bra [3, 4, 12, 13, 14], and the realization of suq (2) and suq (n) algebra [15, 16]. On the
other hand, the spin wave plays an important role in magnetic problems [17, 18]. The
concept of spin wave has become a widely applied tool in the fields related to magnetism.
It has been applied to study magnetic semiconductors [19], quasiequilibrium spin systems
[20], ballistic thermal transport [21] and the thermodynamics [22] in the Heisenberg spin
chain, one-dimensional ferromagnetic Bose gases [23], spin-wave excitations in cylindrical
ferromagnetic nanotubes [24], etc. In experiment, the properties of spin wave have been
directly measured [25, 26]. The realizations of angular momentum algebra are successful
in describing magnetism in various quantum systems [27]. In the application of the real-
izations of angular momentum algebra to magnetism, the realization is either bosonic or
fermionic. However, as shown above, magnons obey neither Bose-Einstein nor Fermi-Dirac
statistics. Therefore, a kind of intermediate-statistics treatment is needed. As generaliza-
tions of Bose-Einstein and Fermi-Dirac statistics, many schemes of intermediate statistics
have been discussed [5, 6, 28, 29, 30].
In section 2, we construct an intermediate-statistics operator realization for the angu-
lar momentum algebra. In section 3, we calculate the intermediate-statistics distribution
function for magnons based on the commutation relation between creation and annihila-
tion operators of magnons. In sections 4 and 5, we calculate the dispersion relations for
ferromagnetic and antiferromagnetic spin waves. In section 6, we discuss the relation be-
tween the intermediate statistics that magnons obey and Haldane-Wu fractional statistics
and the relation between intermediate statistics and the fractional statistics of anyons. In
section 7, we compare our result with the exact solution obtained by the Bethe ansatz
method. In section 8, we compare the dispersion relation of a ferromagnetic system, which
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is calculated based on intermediate statistics, with the experimental data of EuO. The
conclusions and discussions are given in section 9.
2 Intermediate-statistics operator realization for angular mo-
mentum algebra
For solving the spectrum of a magnetic system with Hamiltonian (1), we need a rep-
resentation of angular momentum algebra. As discussed above, the Holstein-Primakoff
representation is a bosonic realization with a putting-in-by-hand restriction on the occu-
pation number, and when using it to solve the spectrum, since only the operator relation
is taken into account, the information of the restriction on the occupation number is ig-
nored. For taking the influence of the restriction on the occupation number into account,
we need a representation in which the information of the maximum occupation number
is embodied in the operator relation rather than put in an additional restriction by hand.
In this section, we construct an intermediate-statistics operator realization for the angular
momentum algebra, in which the maximum occupation number is naturally embodied in
the commutation relation of creation and annihilation operators.
In the case of the spin wave, we only focus on the low-lying excitation. In other words,
in our case the spin deviation Nℓ is always very small, and then equation (3) can be
expanded around Nℓ = 0; only taking the next-to-leading-order contribution into account,
we have
S+ℓ |Nℓ〉 =
√
2S
(
1− Nℓ − 1
4S
)√
Nℓ |Nℓ − 1〉 ,
S−ℓ |Nℓ〉 =
√
2S
√
Nℓ + 1
(
1− Nℓ
4S
)
|Nℓ + 1〉 ,
Szℓ |Nℓ〉 = S −Nℓ. (7)
For constructing a realization of angular momentum algebra, we first introduce an
intermediate-statistics operator realization:
[
aℓ, a
†
ℓ′
]
=


1− Nℓn(
1− Nℓ2n
)2 +Nℓ

 1− Nℓn(
1− Nℓ2n
)2 − 1−
Nℓ−1
n(
1− Nℓ−12n
)2



 δℓℓ′ ,[
Nℓ, a
†
ℓ′
]
= a†ℓδℓℓ′ and [Nℓ, aℓ′ ] = −aℓδℓℓ′ , (8)
where n = 2S. It can be directly checked that such an operator realization corresponds
to a kind of intermediate statistics with a maximum occupation number n.
By creation, annihilation, and number operators, aℓ, a
†
ℓ, and Nℓ, we can construct an
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intermediate-statistics realization of angular momentum algebra:
S+ℓ =
√
2S
(
1− Nℓ
4S
)
aℓ,
S−ℓ =
√
2Sa†ℓ
(
1− Nℓ
4S
)
,
Szℓ = S −Nℓ. (9)
It can be directly checked that, with the commutation relation (8), S+ℓ , S
−
ℓ , and S
z
ℓ satisfy
the operator relation of angular momentum:[
Szℓ , S
±
ℓ′
]
= ±S±ℓ δℓℓ′ ,[
S+ℓ , S
−
ℓ′
]
= 2Szℓ δℓℓ′ . (10)
In this scheme, a†ℓ and aℓ are the creation and annihilation operators of a localized spin
deviation at a single site, and Nℓ is the spin deviation operator which can be expressed as
Nℓ =
a†ℓaℓ + 2n
[
a†ℓaℓ + (n+ 1)−
√
(n+ 1)2 − (2n+ 1) a†ℓaℓ
]
a†ℓaℓ + 4n
. (11)
It should be emphasized that in such intermediate statistics, Nℓ 6= a†ℓaℓ. Concretely, for
a given set of creation and annihilation operators, a†ℓ and aℓ, the corresponding number
operator Nℓ can be constructed from the operator relations of a
†
ℓ, a
†
ℓ, and Nℓ. As shown in
[3] and [4], the number operator of intermediate statistics in general cannot take the form
of Nℓ = a
†
ℓaℓ. The realization of the number operator (11) shows that the spin deviation
corresponds to a kind of intermediate statistics.
For describing the nonlocalized excitations of such a magnetic system, taking transla-
tional symmetry into account, we replace the creation (annihilation) operator a†ℓ (aℓ) which
creates (annihilates) localized spin deviations with the creation (annihilation) operator b†k
(bk) which creates (annihilates) nonlocalized excitations by the transformation
aℓ =
1√
W
∑
k
eik·ℓbk,
a†ℓ =
1√
W
∑
k
e−ik·ℓb†
k
, (12)
where W is the number of lattice sites. Then
[
bk, b
†
k′
]
=


1− Nkn(
1− Nk2n
)2 +Nk

 1− Nkn(
1− Nk2n
)2 − 1−
Nk−1
n(
1− Nk−12n
)2



 δkk′ ,[
Nk, b
†
k′
]
= b†
k
δkk′ and [Nk, bk′ ] = −bkδkk′ . (13)
Nk, b
†
k, and bk are the number, creation, and annihilation operators of magnons, respec-
tively, which describe the nonlocalized elementary excitation of the system.
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The above result shows that magnons, the elementary excitation of a magnetic system,
obey the intermediate statistics defined by (13), which has a maximum occupation number
n. Only when n → ∞, such intermediate statistics returns to Bose-Einstein statistics.
In other words, the spin wave is essentially an intermediate-statistics type elementary
excitation.
3 The intermediate-statistics distribution function
When calculating the spectrum of a magnetic system, one needs to use the statistical
distribution function of the magnon. In the common treatment, the statistical distribution
is approximately taken as the Bose-Einstein distribution. However, as discussed above,
the magnon in fact obeys intermediate statistics. In this section, we seek for the statistical
distribution for an ideal magnon gas based on the commutation relation (13).
The average particle number of k state can be obtained by
〈Nk〉 = 1
Z
Tr
[
e−β(H−µN)Nk
]
, (14)
where Z = Tre−β(H−µN), N is the total particle number operator, and µ is the chemical
potential. For the low-lying excitation, we can expand the expression of the particle
number operator, similar to equation (11), as
Nk ≃ (2n+ 1)
2
4n (n+ 1)
b†
k
bk − (2n+ 1)
3
16n2 (n+ 1)3
(
b†
k
bk
)2
. (15)
By the relation
e−β(H−µN)b†
k
= e−β(εk−µ)b†
k
e−β(H−µN), (16)
from (14), we achieve
〈Nk〉 = e−β(εk−µ) 1
Z
(2n+ 1)2
4n (n+ 1)
×
{
Tr
[
e−β(H−µN)bkb
†
k
]
− 2n+ 1
4n (n+ 1)2
Tr
[
e−β(H−µN)bkb
†
k
bkb
†
k
]}
, (17)
where εk is the energy of k state. Based on the operator relation obtained in the above
section, we construct
b†
k
bk = Nk
1− Nk−1n(
1− Nk−12n
)2 and bkb†k = (Nk + 1) 1−
Nk
n(
1− Nk2n
)2 . (18)
Ignoring
〈
N2k
〉
, we can solve 〈Nk〉:
〈Nk〉 =
1− 4n3+4n2+2n+1
16n2(n+1)3
eβ(εk−µ) −
[
1− 6n3+8n2+4n+1
8n2(n+1)3
] . (19)
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It can be directly seen from this equation that the statistical distribution defined by the
commutation relation (13) is a modified Bose-Einstein distribution, and when n → ∞,
equation (19) returns to the Bose-Einstein distribution. In other words, the spin wave
obeys a modified Bose-Einstein distribution.
4 Intermediate-statistics ferromagnetic spin waves
In this section, we calculate the dispersion relation of a ferromagnetic spin wave. The
Hamiltonian of the Heisenberg model reads
H = −J1
∑
ℓ,δ1
Sℓ · Sℓ+δ1 − J2
∑
ℓ,δ2
Sℓ · Sℓ+δ2 + · · · , (20)
where δ1 and δ2 connect spin ℓ with its nearest and next-to-nearest neighbors and J1 and
J2 denote the exchange parameters corresponding to the nearest-neighbor and next-to-
nearest-neighbor couplings.
We first consider the nearest-neighbor contribution. The Hamiltonian reads
H = −J1
∑
ℓ,δ1
[
SzℓS
z
ℓ+δ1 +
1
2
(
S+ℓ S
−
ℓ+δ1
+ S−ℓ S
+
ℓ+δ1
)]
. (21)
Substituting the intermediate-statistics representation of angular momentum algebra (9)
into (21), we have
H = H0 +H2 +H4 (22)
with
H0 = −J1n
2
4
∑
ℓ,δ1
1 = −J1WZ1n
2
4
, (23)
H2 = J1
∑
ℓ,δ1
[
nNℓ − n
2
(
aℓa
†
ℓ+δ1
+ a†ℓaℓ+δ1
)]
, (24)
and
H4 = −J1
∑
ℓ,δ1
[
NℓNℓ+δ1 −
1
4
(
aℓa
†
ℓ+δ1
Nℓ+δ1 +Nℓaℓa
†
ℓ+δ1
+ a†ℓNℓ+δ1aℓ+δ1 + a
†
ℓNℓaℓ+δ1
)]
,
(25)
where Z1 is the number of nearest neighbors.
In the following, by the above operator relations and the statistical distribution func-
tion given in sections 2 and 3, we can calculate the spectrum directly.
4.1 The quadratic contribution
First, we calculate the contribution from the terms quadratic in the creation and annihi-
lation operators. Substituting (12) into (24) gives
H2 = J1Z1n
∑
k
Nk − J1Z1n
2
∑
k
γNk
(
b†
k
bk + bkb
†
k
)
. (26)
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Here γNk is defined to be γ
N
k =
1
Z1
∑
δ1
eik·δ1 with γNk = γ
N
−k due to the symmetry. Then,
substituting (18) into (26) and preserving only the first-order contribution of Nk gives
H2 = J1Z1n
∑
k
[(
1− γNk
)
+
1
2 (2n+ 1)2
γNk
]
Nk. (27)
We achieve the dispersion relation of magnons to the second order:
~ω
(2)
k = J1Z1n
[(
1− γNk
)
+
1
2 (2n+ 1)2
γNk
]
. (28)
The second term in (28) is the modification coming from the influence of the restriction
on the occupation number.
4.2 The quartic contribution: the interaction between magnons
The contribution from the terms quartic in the creation and annihilation operators de-
scribes the interaction between magnons. A similar treatment can also be used to deal
with the quartic terms.
From equation (25), by the operator relations given above, up to quartic terms, we
obtain
H4 = −J1Z1
W
∑
k1k2k3k4
{[
1 +
1
4n (n+ 1)
]2
δk1−k2+k3,k4γ
N
k3−k4
b†
k1
bk2b
†
k3
bk4
− 1
4
[
1 +
1
4n (n+ 1)
](
δk1−k2−k3,−k4γ
N
k1
bk1b
†
k2
b†k3bk4 + δk1−k2−k3,−k4γ
N
k4
b†k1bk2bk3b
†
k4
+δk1+k2−k3,k4γ
N
k1
b†k1b
†
k2
bk3bk4 + δk1+k2−k3,k4γ
N
k4
b†k1b
†
k2
bk3bk4
)}
. (29)
For long-wavelength spin waves, the main contribution comes from the interactions that
do not change the state of the spin wave. For example, for the term in proportion to
b†k1b
†
k2
bk3bk4 , only the contributions corresponding to k1 = k3 and k2 = k4, or k1 = k4
and k2 = k3 remain [9]. Only taking these contributions into account, we approximately
achieve
H4 ≃ −J1Z1
W
∑
k1k2
{[
1 +
1
4n (n+ 1)
]2 (
γN0 b
†
k1
bk1b
†
k2
bk2 + γ
N
k2−k1
b†k1bk1bk2b
†
k2
)
−1
4
[
1 +
1
4n (n+ 1)
] [
γNk1bk1b
†
k1
b†k2bk2 + 3γ
N
k2
b†k1bk1bk2b
†
k2
+
(
3γNk1 + γ
N
k2
)
b†k1bk1b
†
k2
bk2
]}
.
(30)
By equation (18), up to N2k, we obtain
H = −J1Z1
W
∑
k1k2
[(
1− γNk1
) (
1− γNk2
)
(31)
+
γNk1 + γ
N
k2
+ 2γNk1γ
N
k2
2 (2n+ 1)2
+
γNk1γ
N
k2
4n (n+ 1) (2n+ 1)2
]
Nk1Nk2 . (32)
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In the calculation, the relations γN0 = 1, γ
N
k2−k1
= γNk2γ
N
k1
[31],
∑
k γ
N
k = 0, and
∑
k1k2
γNk1Nk1Nk2 =∑
k1k2
γNk2Nk1Nk2 have been used.
When the number of excited magnons fluctuates little, we can take the approximation
[9]
Nk1Nk2 ≃ 〈Nk1〉Nk2 +Nk1 〈Nk2〉 − 〈Nk1〉 〈Nk2〉 . (33)
Then
H4 ≃ −2J1Z1
W
∑
qk
[(
1− γNq
) (
1− γNk
)
+
γNq + γ
N
k + 2γ
N
q γ
N
k
2 (2n+ 1)2
+
γNq γ
N
k
4n (n+ 1) (2n+ 1)2
]
〈Nq〉Nk + J1Z1
W
∑
k1k2
[(
1− γNk1
) (
1− γNk2
)
+
γNk1 + γ
N
k2
+ 2γNk1γ
N
k2
2 (2n+ 1)2
+
γNk1γ
N
k2
4n (n+ 1) (2n + 1)2
]
〈Nk1〉 〈Nk2〉 . (34)
Consequently, the contribution from the interaction between magnons to the dispersion
relation reads
~ω
(4)
k = −2J1
Z1
W
{∑
q
[(
1− γNq
)
+
γNq
2 (2n+ 1)2
]
〈Nq〉
−γNk
∑
q
[(
1− γNq
)− 1
2 (2n + 1)2
− γ
N
q
4n (n+ 1)
]
〈Nq〉
}
. (35)
It should be emphasized that the statistical distribution function 〈Nq〉 is the intermediate-
statistical distribution given by (19), rather than the Bose-Einstein distribution as that in
the common treatment.
4.3 Comparison with the result of the Holstein-Primakoff representation
From the above discussion on the commutation relation of creation and annihilation op-
erators, we have already known that magnons obey a kind of intermediate statistics with
a maximum occupation number n, and when n → ∞ this intermediate statistics returns
to Bose-Einstein statistics. In the common treatment, one approximately assumes that
magnons obey Bose-Einstein statistics. Under this approximation, the dispersion relation
reads [9]
~ωk = J1Z12S
(
1− γNk
)− 2J1Z1
W
(
1− γNk
) [∑
q
〈
NBoseq
〉−∑
q
γNq
〈
NBoseq
〉]
, (36)
where
〈
NBoseq
〉
denotes the Bose-Einstein distribution.
Comparing the dispersion relation (36) with the dispersion relation (28) and (35),
we can see that when replacing Bose-Einstein statistics by intermediate statistics, some
additional modifications relying on the maximum occupation number n appear. When
the maximum occupation number n→∞, such modifications vanish.
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Especially, the statistical distribution function
〈
NBoseq
〉
in the Holstein-Primakoff re-
sult (36) is the Bose-Einstein distribution, while in the present result (35), the statistical
distribution function 〈Nq〉 is the intermediate-statistics distribution (19) which is a mod-
ified Bose-Einstein distribution.
4.4 Other contributions
For comparison with the experiment, we need to consider all effects as possible. In this
subsection, we discuss the contribution from next-to-nearest neighbors and dipolar inter-
actions.
4.4.1 The next-to-nearest-neighbor contribution
The contribution from the next-to-nearest-neighbor coupling can be calculated directly by
the same procedure:
~ωNNk = J2Z2n
[(
1− γNNk
)
+
1
2 (2n+ 1)2
γNNk
]
− 2J2Z2
W
{∑
q
[(
1− γNNq
)
+
γNNq
2 (2n+ 1)2
]
〈Nq〉
− γNNk
∑
q
[(
1− γNNq
)− 1
2 (2n+ 1)2
− γ
NN
q
4n (n+ 1)
]
〈Nq〉
}
. (37)
where Z2 is the number of next-to-nearest neighbors and γ
NN
k =
1
Z2
∑
δ2
eik·δ2 .
4.4.2 The dipolar interaction
In the above, we only take the contribution from the exchange coupling into account.
Besides the exchange coupling, there still exists a classical dipolar interaction which is
caused by the interaction between the magnetic moments. The Hamiltonian of the dipolar
interaction reads
Hdip =
1
2
g2µ2B
∑
i,j
[
Si · Sj
r3ij
− 3 (Si · rij) (Sj · rij)
r5ij
]
, (38)
where µB is the Bohr magnon and g = 2 is the Lande´ factor. In principle, we need to
substitute the intermediate-statistics operator realization of angular momentum algebra
(9) and (8) into this Hamiltonian, and, then, calculate the influence of the intermediate-
statistics dipolar interaction to the dispersion relation. However, since the contribution
from the dipolar interaction, in comparison with the contribution from the exchange cou-
pling, is small, we ignore the intermediate-statistics modification to the dipolar contri-
bution, i.e., for the dipolar interaction, we approximately use the result obtained by the
Holstein-Primakoff representation.
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Under the assumption of isotropy, the contribution from the dipolar interaction, based
on the result given in [32], can be approximately expressed as
~ωdip
k
=
4π
3
gµBM (T ) , (39)
where M (T ) is the magnetization. Then the dispersion relation reads
~ωtotalk = ~ωk + ~ω
dip
k , (40)
where ~ωk comes from the exchange coupling and ~ω
dip
k comes from the dipolar interaction.
5 Intermediate-statistics antiferromagnetic spin waves
It has been shown that there do exist quantized spin waves in antiferromagnets [18]. In
this section, we calculate the dispersion relation for antiferromagnetic spin waves based
on the intermediate-statistics scheme.
For antiferromagnets, the spin structure of the crystal is considered as two interpen-
etrating sublattices A and B with the property that all nearest neighbors of a spin on A
lie on B, and vice versa. The Hamiltonian reads
H = 2J
∑
ℓδ
[
SzAℓS
z
Bℓ+δ +
1
2
(
S+AℓS
−
Bℓ+δ + S
−
AℓS
+
Bℓ+δ
)]
, (41)
where ℓ runs over all sites of sublattice A. In this paper, we only consider the contribution
from the nearest neighbors.
The antiferromagnetic ground state is approximately taken as the Ne´el state, in which
the z component of each spin is S in sublattice A, and −S in sublattice B.
The excited state of antiferromagnets can be treated by the similar treatment of ferro-
magnets. Similar to equation (9), introduce two sets of operator realizations for sublattice
A and B, respectively:
S+Aℓ =
√
2S
(
1− Nℓ
4S
)
aℓ,
S−Aℓ =
√
2Sa†ℓ
(
1− Nℓ
4S
)
,
SzAℓ = S −Nℓ, (42)
and
S+Bℓ =
√
2Sc†ℓ
(
1− Nℓ
4S
)
,
S−Bℓ =
√
2S
(
1− Nℓ
4S
)
cℓ,
SzBℓ = − (S −Nℓ) , (43)
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where a†ℓ, aℓ and c
†
ℓ, cℓ are the creation and annihilation operators of the spin deviations
on sublattice A and B, satisfying the operator relations (8) and (11), respectively.
Substituting (42) and (43) into Hamiltonian (41) gives
H = 2J
∑
ℓδ
{(S −Nℓ) (−S +Nℓ+δ)
+S
[(
1− Nℓ
4S
)
aℓ
(
1− Nℓ+δ
4S
)
cℓ+δ + a
†
ℓ
(
1− Nℓ
4S
)
c†ℓ+δ
(
1− Nℓ+δ
4S
)]}
. (44)
For low-lying excitations, we only take the contribution from the terms quadratic in the
creation and annihilation operators into account:
H ≃ −2JWZS2 + 2JS
∑
ℓδ
(Nℓ +Nℓ+δ) + 2JS
∑
ℓδ
(
aℓcℓ+δ + a
†
ℓc
†
ℓ+δ
)
. (45)
Here W denotes the number of the sites of sublattice A.
Introduce the transformations
aℓ =
1√
W
∑
k
e−ik·ℓbk and a
†
ℓ =
1√
W
∑
k
eik·ℓb†
k
, (46)
and
cℓ =
1√
W
∑
k
e−ik·ℓdk and c
†
ℓ =
1√
W
∑
k
eik·ℓd†k. (47)
Using the relation between Nℓ and a
†
ℓ, aℓ, c
†
ℓ, and cℓ and substituting the above transfor-
mations into (45), up to the quadratic contribution, gives
H ≃ −2JWZS2 + (2n+ 1)
2
2n (n+ 1)
JSZ
∑
k
(
b†kbk + d
†
kdk
)
+ 2JSZ
∑
k
γk
(
bkd−k + b
†
kd
†
−k
)
.
(48)
For diagonalizing the Hamiltonian (48), we introduce the Bogoliubov transformation
which mixes the operators of the two sublattices:
bk = ukαk + vkβ
†
k, d−k = ukβk + vkα
†
k,
b†k = ukα
†
k + vkβk, d
†
−k = ukβ
†
k + vkαk. (49)
It can be checked directly that the Hamiltonian (48) can be diagonalized when uk and vk
are taken as
u2k =
1
2


[
1− 16n
2 (n+ 1)2
(2n + 1)4
γ2k
]−1/2
+ 1

 ,
v2k =
1
2


[
1− 16n
2 (n+ 1)2
(2n + 1)4
γ2k
]−1/2
− 1

 . (50)
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Then, from equation (48), ignoring the high-order contribution, we achieve
H = −2JWZS2 + 2JSZ
∑
k
{[
(2n+ 1)2
4n (n+ 1)
u2k + γkukvk
](
α†kαk + β
†
kβk
)
+
[
(2n+ 1)2
4n (n+ 1)
v2k + γkukvk
](
αkα
†
k + βkβ
†
k
)}
. (51)
By the operator relation
α†kαk = Nαk
1− Nαk−1n(
1− Nαk−12n
)2 and αkα†k = (Nαk + 1) 1−
Nαk
n(
1− Nαk2n
)2 (52)
(the operator relation for βk is the same as that of αk), ignoring the high-order contribu-
tion, from (51), we achieve
H = −2JWZS2 + 4JSZ
∑
k
[
(2n + 1)2
4n (n+ 1)
v2k + γkukvk
]
+
∑
k
~ωk (Nαk +Nβk) , (53)
where the dispersion relation for antiferromagnetic magnons is
~ωk = 2JSZ
[
u2k + v
2
k + 2γkukvk +
1
4n (n+ 1)
v2k −
1
(2n + 1)2
γkukvk
]
. (54)
Similar to the ferromagnetic case, the antiferromagnet magnon obeys intermediate
statistics rather than Bose-Einstein statistics. When approximately regarding the magnon
as bosons, based on the Holstein-Primakoff representation, the dispersion relation of the
antiferromagnet magnon reads
~ωHPk = 2JSZ
(
uHP2k + v
HP2
k + 2γku
HP
k v
HP
k
)
, (55)
where the superscript ”HP” denotes that the corresponding result comes from the method
of the Holstein-Primakoff representation. Comparing the dispersion relation (54) with
(55), we can see that when the maximum occupation number n → ∞, our result returns
to the result of the Holstein-Primakoff representation which regards magnons as bosons.
The magnitude of the modification relies on the value of n.
6 Comparison with other schemes of intermediate statistics
6.1 Comparison with Haldane-Wu fractional statistics
The above result shows that the magnons obey a kind of intermediate statistics with
the statistical distribution (19). Let us compare this statistical distribution with another
kind of intermediate statistics —– Haldane-Wu fractional statistics [5]. The Haldane-Wu
distribution function reads 〈
NHWk
〉
=
1
ω−1 + (g − 1) , (56)
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where ω is determined by g ln (1− ω)− lnω = β (εk − µ).
In the Haldane-Wu distribution, there is an intermediate-statistics parameter g, and
in the intermediate statistics obeyed by magnons, the intermediate-statistics parameter
is n. A relation between these two intermediate-statistics parameters can be obtained by
comparing the second virial coefficients. The second virial coefficient of a ν-dimensional
ideal magnon gas with the dispersion relation ε ∝ ps can be obtained directly:
a2 = − 1
2ν/s+1
νΓ(ν2 )
2Γ
(
ν
s + 1
) 4n3 + 8n2 − 2
4n3 + 8n2 + 2n− 1 . (57)
The second virial coefficient of an ideal gas obeying Haldane-Wu fractional statistics reads
aHW2 = − (1− 2g) /2ν/s+1 [33]. Comparing these two second virial coefficients gives
g =
1
2
[
1− νΓ(
ν
2 )
2Γ
(
ν
s + 1
) 4n3 + 8n2 − 2
4n3 + 8n2 + 2n − 1
]
. (58)
6.2 Comparison with the fractional statistics of anyons
It is also interesting to compare this intermediate statistics with the fractional statistics of
anyons, another scheme of intermediate statistics [6]. For the case of anyon, we of course
only focus on two dimensions.
The concept of anyons is introduced by generalizing the change of the phase factor
of a wavefunction when two identical particles exchange to an arbitrary phase factor eiθ.
θ = 0 and θ = π correspond to Bose-Einstein and Fermi-Dirac cases, respectively.
The second virial coefficient of an anyon gas reads [33, 34]
a2 = −1
4
(
1− 4α+ 2α2) , (59)
where α = θ/π. Comparing this result with the second virial coefficient (57) with ν = 2
and s = 2 gives
α = 1−
√
1− 2n+ 1
8n3 + 16n2 + 4n− 2 . (60)
7 Comparison with the exact result of the Bethe ansatz
method: the spectrum
In this section, we compare our result with the exact solution of the one-dimensional spin
1/2 Heisenberg model.
By the Bethe ansatz, one can find the exact solutions of certain one-dimensional quan-
tum many-body models. Taking ferromagnets as an example, we compare our result given
in section 4 with the exactly solved one-dimensional s = 1/2 Heisenberg model with two
down spins.
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Figure 1: The spectra of the one-dimensinal s = 1/2 Heisenberg chain given by the
Bethe ansatz method (the exact solution), by the Holstein-Primakoff method, and by the
intermediate-statistics method. In the unshadowed area, in comparison with the exact
result, the intermediate-statistics result is better than the result given by the Holstein-
Primakoff method.
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The exact spectrum of the one-dimensional s = 1/2 Heisenberg model with two down
spins is given by [7, 8, 9]
E − E0 = J (2− cos k1a− cos k2a) , (61)
where a is the lattice constant and k1, k2 are determined by
Nk1a = 2πλ1 + θ,
Nk2a = 2πλ2 − θ,
2 cot
θ
2
= cot
k1a
2
− cot k2a
2
, (62)
with λ1, λ2 = 0, 1, 2, · · · , N − 1 and λ2 ≥ λ1.
Moreover, our result of the spectrum for the corresponding case can be directly ob-
tained by equation (28) with n = 1.
The spectra obtained by the Bethe ansatz (the exact one), by the Holstein-Primakoff
method, and by the intermediate-statistics method are sketched in figure 1.
Comparing with the exact result obtained by the Bethe ansatz, we can see that in
some cases (the unshadowed area) our result (the intermediate-statistics magnons) is more
accurate than the standard Holstein-Primakoff result (the bosonic magnons).
8 Comparing with the experiment
From equation (40), we can obtain the relation between the spin-wave energies and the
temperature by the self-consistent calculation. We will consider the spin-wave dispersion
relation of EuO since the spin-wave dispersion for EuO is isotropic. The Eu2+ ions in
EuO form simple fcc lattices, so the number of the nearest neighbors and next-to-nearest
neighbors are Z1 = 12 and Z2 = 6, the exchange parameters J1 to nearest neighbors and
J2 to next-to-nearest neighbors are J1 = 0.606kB and J2 = 0.119kB [35], where kB is the
Boltzmann constant, and S = 7/2.
The calculation results are plotted in figure 2. The experimental data are taken from
[10].
In comparison with the experimental data, we can see that at low temperatures and
low frequencies, the result of the intermediate-statistics spin waves is more accurate than
the result of the bosonic spin waves, and at high temperatures and high frequencies, the
result of bosonic spin waves is better.
9 Discussion and Conclusions
It is shown that magnons, the elementary excitation of a Heisenberg magnetic system,
obey a kind of intermediate statistics with a maximum occupation number n = 2S. In
the common treatment, the solution of the spectrum of a magnetic system is based on the
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Figure 2: The spin-wave energies in EuO. The dotted lines represent the intermediate-
statistics result and the solid lines represent the result of the Holstein-Primakoff represen-
tation. The experimental data are taken from [10].
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Holstein-Primakoff representation which is a bosonic operator relation with an additional
restriction on the occupation number. Since the information of the maximum occupation
number is not embodied in the operator relation, the influence of the restriction on the oc-
cupation number is not reflected in the result of the spectrum. Consequently, the magnons
are approximately treated as bosons in the Holstein-Primakoff treatment: the commuta-
tion relation of creation and annihilation operators is taken as the bosonic commutation
relation and the statistical distribution is taken as the Bose-Einstein distribution.
In this paper, we construct an intermediate-statistics operator realization in which
the information of the maximum occupation number which is equal to an integer n is
embodied in the commutation relation of creation and annihilation operators rather than
putting in a restriction on the occupation number by hand. Then, from the operator
relations, we directly deduce the corresponding statistical distribution function, which
is a modified Bose-Einstein statistical distribution and will return to the Bose-Einstein
distribution when taking the maximum occupation number n to be ∞.
It is the starting point that there is a natural relation between the angular momen-
tum and the intermediate statistics with a given maximum occupation number. For the
intermediate statistics with a maximum occupation number n, there are n+1 states, |0〉,
|1〉, |2〉,· · · , |n〉. For the angular momentum S, there are 2S+1 states |−S〉, |−S + 1〉,· · · ,
|S − 1〉, |S〉. This naturally leads us to relate the n + 1 states, |0〉, |1〉,· · · , |n〉, to the
2S + 1 angular momentum states, |−S〉, · · · , |S〉. Consequently, we have the relation
n+ 1 = 2S + 1, and then n = 2S. From this, we can construct an intermediate-statistics
realization and reveal that the statistics of magnons is intermediate statistics.
Based on the results of the intermediate statistics provided in sections 2 and 3, we cal-
culate the dispersion relation of the ferromagnetic spin wave up to the quartic contribution,
in which the influence of the interaction between magnons is taken into account, and the
dispersion relation of the antiferromagnetic spin wave up to the quadratic contribution.
Compared to the result of the Holstein-Primakoff representation, the bosonic operator
relation is replaced by the intermediate-statistics operator relation, and the Bose-Einstein
distribution is replaced by the intermediate-statistics distribution, so the influence of the
restriction on the occupation number is naturally taken into account. Moreover, we also
take into account the next-to-nearest-neighbor contribution and the influence of the clas-
sical dipolar interaction which is caused by the interaction between the magnetic moments
in the ferromagnetic case.
Magnons obey a kind of intermediate statistics. As comparisons, we discuss the rela-
tions among the intermediate statistics obeyed by magnons, Haldane-Wu fractional statis-
tics, and the fractional statistics of anyons. The relations among the three intermediate-
statistics parameters are given.
For discussing the validity of our result, we compare our result with the exact solution
of the one-dimensional spin 1/2 Heisenberg model obtained by the Bethe-ansatz method.
Our results of the dispersion relation of the magnetic systems are based on intermediate
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statistics, in which the maximum occupation number is an integer n equaling 2S. We
compare our result with the result by the Holstein-Primakoff representation in which
magnons are assumed to obey Bose-Einstein statistics and with the experimental data of
EuO. The result compares well with the experiment.
In a word, the elementary excitation of the Heisenberg magnetic system obeys a kind
of intermediate statistics with an finite maximum occupation number n = 2S rather than
Bose-Einstein statistics.
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